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INTRODUCTION

C*[ -7T, 7T] denotes the space of 27T-periodic continuous functions with
the usual supremum norm II ·11. Let (Ln):~l be a sequence of linear operators
on C*[ -7T, 7T], given by the convolution formula

I f"Ln(f) = -:;- _" f(x + t) d/Ln(t) = / * d/Ln ,

where d/Ln is an even Borel measure on [-7T, 7T], with

(Ll)

n = 1,2,...

The sequence (Ln ) is said to be saturated if there is a sequence of positive
numbers, (ep(n)), converging to 0 such that

II/ - Ln(f)II = o(ep(n)) if and only

if/ is a constant, and
there is a non-constant function to such that

11/0 - Ln(fo) II = O(ep(n)).

(1.2)

(1.3)

The sequence (ep(n)) is called the saturation order of (Ln). Define the satura­
tion class S(Ln ) to be the set of all functions/in C*[ -7T, 7T] such that

II/ - Ln(f)11 = O(ep(n»). (1.4)

An excellent source for references on saturation theorems is the paper of
Butzer and Gorlich [10] or the book [11]. We quote here the following well­
known theorem of Sunouchi-Watari [1].
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SATURATION OF CONVOLUTION OPERATORS

For f E C*[ -7T, 7T] we let

411

J(k) = ~ ITT fiklf(t) dt
27T -TT

and

k = 0, ±1, ±2,...

1 ITT 1 ITTp(nl = - e-ikt dp, (t) dt = - cos kt dJLn(t)
k 7T_

1T
n 7T-rr

The Sunouchi-Watari Theorem can then be stated as

THEOREM A. Suppose °< c/>(n) - °and

. 1 _ p~n)

o/k = hm c/>()n--+OO n

k = 0, ±1, ±2,....

(1.5)

exists and is different from 0, 00, -00, for k = ±1, ±2,.... Then (Ln) is
saturated with order (c/>(n)) and iff is in S(Ln) then

is in L oo . (1.6)

Also, if, for n = 1,2,... , (1 - P~n»)Nkc/>(n))'::=_oo are multipliers from L oo to L oo ,
uniform in n, then (1.6) is sufficient for f to be in S(Ln).

In this paper we shall impose the additional hypothesis that the measures
dp,n be positive. This hypothesis is indeed a strong one, in light of the many
striking results for positive operators due to Korovkin [6] and others.
However, it is also a very natural and important condition since many of the
classical linear methods of approximation are of this type.

For sequences of positive convolution operators, it is not difficult to
characterize precisely when they are saturated. This is done in Section 3. The
characterization of the class S(Ln) is much more difficult. A result in this
direction is the following theorem of Tureckii [2] which we shall discuss
further later.

THEOREM B. Suppose (Ln) is a sequence of positive convolution operators
and

k = ±1, ±2,....

Then (Ln) is saturated with order (1 - pl(nl) and S(Ln) = {f: l' E Lip I}.
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In Section 4 we develop some new techniques which are useful in charac­
terizing the saturation class S(Ln ) for certain sequences of positive convolu­
tion operators. Our main application of these techniques is to optimal and
quasi-optimal sequences of trigonometric operators to be defined below.

The sequence (Ln):~l is said to be a sequence of trigonometric operators
if for each IE C*[-1T, 1T], L n( I) is a trigonometric polynomial of degree
~ n, n = 1,2,.... In case of convolution operators, this is equivalent to
having dp-n(t) = Tn(t) dt, where Tn is a non-negative even trigonometric
polynomial of degree ~ n. The Fejer [3], Jackson [4] and Korovkin [5]
operators are the best known operators of this type.

It was first noted by Korovkin [6] that positive trigonometric operators
are limited in their efficiency of approximation. Korovkin showed that if
(Ln ) is a sequence of positive trigonometric operators, then for g one of the
three functions I, cos x, sin x,

II g - Ln(g)11 -# 0 (*). (I.7)

In the case of positive trigonometric convolution operators, this is equivalent
to

(1.8)

We shall say that (Ln) is an optimal sequence if

(1.9)

If we ask which sequences of positive trigonometric convolution operators
(Ln ) give the Jackson estimate

III - Linll ~ ~ w (I',~) (I.IO)

for all functions I with I' E C*[ -1T, 1T], the answer is: exactly the optimal
sequences (see Theorem 2.1). Thus, for example, the Jackson and Korovkin
operators are optimal whereas the Fejer operators are not. Curtis [7] has
shown that if (Ln ) is a sequence of positive trigonometric convolution
operators then

111- Ln(f)[! = 0 ( ~2 ) (I.I 1)

if and only ifI is a constant. This can be considered as a strengthening of
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Korovkin's Theorem (1.7). In Section 2, it is shown that if (Ln) is an optimal
sequence then for eachfsuch that l' E Lip 1,

c
Ilf - Lif)11 ~ fi2 ' n = 1,2,....

Thus, there are always nonconstant functions f which are approximated by
the sequence (Ln(f» with order O(n-2). This, together with (1.11) shows that
optimal sequences are always saturated with order n-2•

At the recent Symposium on the Constructive Theory of Functions held
in Budapest, the author has conjectured that the saturation class S(Ln) of
every optimal sequence is {f: l' E Lip I}. This is already known for the
Jackson and Korovkin operators by virtue of Theorem B. Our main result
is a proof of this conjecture (Theorem 5.1).

At the same conference, Gorlich [9] suggested considering sequences L n

for which there exists a nonconstant functionfo such that

We shall call such sequences quasi-optimal. That quasi-optimal sequences
are also saturated with order n-2 follows from (l.II). Gorlich has asked
whether quasi-optimal sequences also have as a saturation class {f:f' E Lip I}.
It is easy to construct an example of a sequence (Ln) which is quasi-optimal
but not optimal. For example, if Kn(t) is the Jackson kernel (see Section 3)
then the trigonometric polynomials

generate by convolution a sequence (Ln *) of operators which is quasi-optimal
but not optimal. It is not optimal since there is a constant C > 0 such that

n = 1,2,.... (1.12)

That it is quasi-optimal follows from Corollary 2.1 and the fact that there
exists a constant C' > 0 such that

J
rr C·

sin2 tTn(t) dt ~ -2 '
-rr n

n = 1,2,.... (1.13)

The inequalities (1.12) and (1.13) can be used to show that if

Ilf - L n *(1)11 = O(n-2), thenfhas period TT.
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The saturation class of (Ln *) is {f: f' E Lip 1 andfhas period 1T}
This is a special case of the general result we obtain for quasi-optimal

sequences. In Section 5 we show that if (Ln) is quasi-optimal, then there is an
integer m such that

I" mt ( 1 )_" sin2 2 Tn(t) dt = 0 ~ " (1.13)

When m = 1, we have an optimal sequence. If mo is the smallest positive
integer such that (1.13) holds, then, as we show, the saturation class is
{f: f' E Lip l,fhas period (21Tjmo)}.

2. A PRELIMINARY INEQUALITY

There are inequalities which estimate the rate of convergence of a sequence
(Lif)) to f, for continuous functions f, in terms of the rate of convergence
of (Ln(g)) to g, for the three functions g : 1, cos x and sin x. The most general
of these estimates is the inequality of Shisha and Mond [8]. We shall need
an extension of this inequality which estimates Ilf - Ln(f)11 for functions
having period 21Tjm, in terms of the behavior of II g - Ln(g)11 for the func­
tions g : 1, cos mx, sin mx. We shall use this extension only for convolution
operators; However, we shall prove it for the general case of arbitrary linear
positive operators.

THEOREM 2.1. Let m be a positive integer and (Ln) a sequence of linear
positive operators. If 0 ~ An ----+ 0 satisfies

(2.1)

for the three functions g : 1, cos mx and sin mx, then for each continuous f
with period 21Tjm we have

(2.2)

If, in addition, f is everywhere continuously differtiable, then

where C is a constant independent off and n, and w denotes the modulus of
continuity.

Proof The proofs of (2.2) and (2.3) are similar and we shall only prove
(2.3).
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Writing sin m(x - xo) and sin2 (m(x - xo)/2) in terms of sin mx and cos
mx, one can easily deduce from (2.1) that

(2.4)

(2.5)

Note. Equations (2.4) means that L n is applied to sin m(t - x) as a
function of t (with x fixed). The result is evaluated at x, and finally, we take
the norm of the resulting function of x. Such a convention is used throughout.

Let f be continuously differentiable and of period 211lm. In what follows,
C will always denote some constant independent of f and n. We shall
first show that

II L n (I f(t) - f(x) - f;:) sin m(t - x)!, x)\!

(2.6)

Indeed, if x E [-11, 11] then

If(t) - f(x) - f~X) sin m(t - x)!

= \f(t) - f(x) - 1'(x)(t - x) + 1'(x) [(t _ x) _ sin m~ - x) ]I
~ I t - x I wU', I t - X I) + ell l' [I . I t - X 1

3
•

If I t - x I ~ 111m then I t - x I ~ 'TrIm sin m(1 t - x 1/2). Using elemen­
tary properties of w, we have

If(t) - f(x) - f;x) sin m(t - x)1

~C[sinm It~XI w(1',sinm It~XI)+Ii1'llsin3It~XI]. (2.7)

Now,

w (1', sin m It -; x I) = w (1', ;: sin m It -; x I)

~ (1 + A;;1 sin m I t -; x I ) w(1', An)'
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thus, replacing sin3 m(1 t - x 1/2) by the larger number sin2 m(1 t - x 1/2) in
(2.7), we have

If(t) - f(x) - f~x) sin m(t - x)1

[
(t - x) I t - x I

~ C(l + 11f' II) sin2 m 2 + sin2 m 2

+ . I t - x I (f' \)]sm m 2 w ,An' (2.8)

Since the functions in (2.8) have period 21T/m, this estimate holds for all t and
x. Applying L n to (2.8), we have

L n (I f(t) - f(x)I- f~x) sin mit - x I)

~ C(l + II f' II)(An2 + w(f', An) (An + II L n (sin m I t -;: x I ,x)II). (2.9)

The Cauchy-Schwarz inequality for L n gives

which, when substituted into (2.9), gives (2.6).
Finally, to obtain (2.3), we write

f(x) - Ln(f(t), x)

= f(x) - Ln(f(x), x) + L n (i(t) - f(x) - f~x) sin m(t - x), x)

+ f'(x) Lisin m(t - x), x).
m

Thus, from (2.6),

Ilf - Lif)11 ~ IIf(x) - Ln(f(x), x)11 + C(l + 11f' II)(An2 + w(f', An»

+ !!.t..l! II Lisin m(t - x), x)ll.
m

Estimating the first and last terms of the right hand side by (2.1) and (2.4),
gives the desired result (2.3) and the theorem is proved.

Theorem 2.1 can be stated in the following form which is more convenient
for later applications.
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COROLARRY 2.1. If Ln(f) = f * dj-tn, where dj-tn is a non-negative even
Borel measure on [-TT, TTl such that

1 f'"--:;; _'" dj-tn(t) = 1

and

then for each f ofperiod 2TT/m we have

(n ---+ 00),

(2.10)

(2.11)

Ilf - LnCf)11 < C(1 + Ilfll)(An + w(f, An)), n = 1,2,... (2.12)

when f is continuous, and

f - Ln(f)11 < C(1 + Ilfll + II f'11)(An
2 + AnW(f', An)), n = 1,2,... , (2.13)

when f is continuously differentiable.

Proof Since dj-tn is even, we have

J:", sin mt dj-tn(t) = 0,

Integrating the identity

n = 1,2,.... (2.15)

sin mt - sin mx = sin met - x) cos mx - (1 - cos m(t - x)) sin mx,

we obtain

I~ J:", (sin mt - sin mx) dj-tn(t - x)! < : J:", sin2 ~t dj-tn(t) < CAn2
,

n = 1,2,... ,

i.e.,

n = 1,2,....

In a similar manner, we obtain

n = 1,2,... ,

and, thus the hypotheses of Theorem 2.1 are verified.
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3. SATURATION OF POSITIVE CONVOLUTION OPERATORS

In the remainder of the paper, we shall assume L n has the form

where dfLn is an even non-negative Borel measure on [-TT, TT] with
I/TT J:" dfLn = 1.

The following theorem determines when (Ln ) is saturated and, when it is,
its saturation order.

THEOREM 3.1. The sequence (Ln) is saturated if and only if there is a
positive integer m such that

1 - p<;:>
lim ?:: Ck > 0,
n ....oo 1 - p~~J

k = 1,2,... , (3.1)

where Ck may be infinity. When (Ln) is saturated, the saturation is (1 - p:;:l)
where m is any integer satisfying (3.1)

Proof We first suppose that (3.1) holds. IffE C*[ -TT, TT] and

(n -+ (0)

then

i.e.,

r (f[x] - (f *dfLn)[xD eika: dx = 0(1 - p~»
"

k = ±1, ±2,oo.,

Therefore

k = ±l, ±2,....

Cd(k) = 0, k = ±1, ±2,...,

and, thus, !(k) = 0, k = ±l, ±2,oo. so that f is a constant. Also, for each
f of period 2TT/m such that f' E Lip 1, Corollary 2.1 gives
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To prove the converse, suppose that (Ln) is saturated with order (An). Assume
first, that for each k = ±l, ±2,... ,

Then, iffE C*[-1T,1T] and

rrm
n-><X)

00. (3.2)

we have

(3.3)

k = ±l, ±2,... ,

which, in view of (3.2), impliesj(k) = 0, k = ±l, ±2,... , i.e.,jis a constant.
Thus, there are no non-constant functions satisfying (3.3), contradicting
our hypothesis that (Ln) is saturated with order (An). Thus, there must exist
an integer m such that

Suppose there is an integer ko such that

1 _ pIn)
lim --o-_--,-k

o
-,-- = o.

n-><X) 1 - p<;:'>

Then from inequality (2.3) of Theorem 2.1 we have that for each function f
of period 21T/ko , with f' E lip 1,

(n -+ (0),

a contradiction; the theorem is proved.
It is easy to give examples of operators L n for which (Ln) is not saturated.

We give now such an example where L n is of the particularly simple form
Ln(f) = f * Tn, with Tn a non-negative even trigonometric polynomial
of degree 2n - 2. This example is particularly interesting in view of a theorem
of Curtis [7] stating that for any sequence of trigonometric convolution
operators (Ln), Ilf - Ln(f)11 = o(n-2) if and only if f is constant. This
theorem suggests that perhaps all such sequences are saturated.
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Let K" denote the Jackson kernel

K (t) = C (Si~ nt/2 )4
11 11 sm t/2 '

with Cn chosen so that

1 f1T
--:;; -1T Kit) dt = 1.

We shall need the following well-known properties of Kn(t) (see [3]):

(m = 1,2,...). (3.4)

then 111* Kn - III ~ o. (3.5)

THEOREM 3.2. For n = 1, 2,... , let

where

00 1
a-;/ = 1 + 2 L k 2 I-11k

k=1 n

Then the sequence (Ln), given by

and
7T

Xk = 2k' k = 1,2,....

is not saturated.

Proof Let k be any integer, k = 2mj withj not divisible by 2, then

1 - 2 An(2k) = 1 - 2 An(2m+1j) = 2 r sin(2mjt) An(t) dt.
-1T

But for any m and j,

r sin2(2mjt) An(t) dt
-1T

1T 00 1
= f sin2(2mjt) Kn(t) dt + 2 L k2 2 11k

-1T k=1 n
r sin2(2mjt) Kn(t - Xk) dt

-1T

since, for each n, the series converges uniformly in t.
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By virtue of (3.4) and the fact that sin2 (2m [t - xkD = sin2 (2m t) for k ~ m,

Also,

ro

~ L k-2n(ljk)-2 = o(n(m+1l-1-2).

k~m+2

However, by virtue of (3.5),

Thus,

m = 1,2,... ,

therefore
1 - 2AnC2k) = 0(1 - 2An(k))

and, therefore, by Theorem 3.1, (Ln ) is not saturated.

4. SATURATION CLASSES OF SEQUENCES OF POSITIVE CONVOLUTION OPERATORS

In this section, we wish to examine the saturation class S(Ln ) of the se­
quence (Ln). The theorem of Sunouchi-Watari (Theorem A) applies to
general convolution operators and hence, to (Ln). Our first objective is to
extend this theorem, for positive operators, to the case where the m-th
Fourier coefficients determine the saturation order. We first wish to show
that when the m-th coefficients determine the saturation order, every function
in S(Ln ) has period 21Tjm.

LEMMA 4.1. Let (Ln ) be saturated and let m denote the smallest positive
integer such that (3.1) is satisfied. Iff is in S(Ln) then it has period 21Tjm.

Proof For each 0 < k < m, limn...ro (1 - plnlf1 - p:;:)) = 00. Similarly,
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suppose k is an integer> m but not divisible by m, say, k = 1m + j,
o < j < m, 1 ~ 1. Then for some positive constant C,

C (
. 2 mx + . 2 (1m + j)X) . 2 jx

sm -2- sm 2 r sm 2"

since every zero of the left hand side is a zero of the right hand side with the
same multiplicity. Thus,

I
TT mx ITT (1m + j)x ITT jx

C -TT sin2 -2- dp,n(x) + C -TT sin2 2 dp,n(x) ~ -TT sin2 2" dp,n(x),

i.e.,

and, therefore,

Now, iffE S(Ln) then

so that

k = ±1, ±2,....

exists and isfini!efor j = ±1, ±2,... , (4.1)

If k ¢ 0 (mod m) we must have!(k) = 0 which establishes the Lemma.
We state now our generalization of the Sunouchi-Watari Theorem.

THEOREM 4.1. If(Ln) is saturated with order (1 - p~», where m is the
least positive integer satisfying (3.1) and if

1 (n)
if; - lim - P;m

; - n"'oo 1 - p~)

then iffis in S(Ln), only ifi! has period 27Tjm and
* L:oo if;;/Um) ei;maJ is the Fourier series of a function in L oo . If, in addition
to (4.1), for n = 1,2,... ,

are multipliers from L oo to L oo , uniform in n, then (*) is also sufficient for f to
he in S(Ln).
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The proof of this theorem is the same as that of Theorem A and will be
ommitted.

The theorem analogous to Theorem B is the following

THEOREM 4.2. If (Ln) is saturated with order (1 - p;;:»), where m is the
least positive integer satisfying (3.1) and if

I· 1 (n)1m - Pjm
n""OO -~I-_--:-p'.!C;:'~t} - = j2, j = ±l, ±2,..., (4.2)

then S(Ln) = {f: f' E Lip l,fhas period 21Tjm}.
Again, the proof is the same as that of Theorem B and will be ommitted.

Although Theorems A and B have wide application to classical methods
of approximation and, in particular, are applicable to the operators of
Fejer, Jackson and Korovkin, they cannot be applied to the general case of
optimal or quasi-optimal sequences since condition (4.1) need not be satis­
fied. Therefore, we wish now to take a different approach to the problem of
determining S(Ln ) which will handle the cases of optimal and "quasi-optimal
timal sequences."

The class S(Ln) is precisely the class of 21Tjm-periodic functions for which

II ~f1T [f(X + t) +. fex - t) - 2f(x) ] (1 _ pln»)-l sin2 mt dJ-L (t)ll = 0(1).
,1T -1T sm2 mtj2 m 2 n

n = 1,2,... ,

{dAn}:=l is contained in a compact subset of the dual of C*[-1T, 1T], in the
weak* topology. Therefore, a subsequence (dAn) converges weak * to some

k

measure dA. If such a dA is cxdpo , where dpo is the Dirac measure at zero, then
it is easy to see that S(Ln) = {f: f' E Lip l,fhas period 21Tjm}. The following
theorem strengthens this result by requiring only that dA has an atom at one
of the zeros of sin2 mtj2.

THEOREM 4.3. If dA is a weak * limit ofsome subsequence (dAn) and dA has
k

an atom at one of the zeros of sin2 mtj2 then S(Ln) = {f: f' E Lip I, f has
period 21Tjm}.

Proof. Let Xk (k = I, 2,...) be the distinct zeros of sin2 mtj2 in [-1T, 1T]
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(4.3)

and, for every € > 0, let S. = Uk (Xk - €, Xk + E), T. = S'\{X1 , X 2 , .•.}.

Let 0: = lim.->o Is dA(t) > 0 and choose 0 < 0 < 71'jm such that
•

71'2 J2 dA(t) < ex.
Ta

If h is a twice continuously differentiable function of period 271'jm, then for
Xo€[-71',71'], the function

(t) = h(xo+ t) + h(xo - t) - 2h(xo)
g sin2mtj2

is continuous on [-71',71'] and its value at xk(k = 1,2,...) is 4m-2h"(xo).
Suppose II h - LnCh)11 :'( M(l - p:;:», n = 1,2,.... Then

~ 1 J" get) dA(t)1 = lim 1~ f·" get) dAn (t)1 :'( M,
7T -1T k-7 OO 7T -1T k

M being a constant. Therefore,

40:2 Ih"(xo)I :'( 11.- f get) dA(t)1 + l1.-f get) dA(t)I+ M. (4.4)
71'm 71' Ta 71' [-".,,]-8a

We estimate the first summand on the right hand side of (4.4) as follows.
For I t I :'( 0 < 71'jm, sin2 mtj2 ~ m2t2j71'2 and, thus,

I
h(xo + t) + h(xo - t) - 2h(xo) I

sin2mtj2

~ ~ 1 h(xo+ t) + h(xo - t) - 2h(xo) I

'" m2 t 2 •

By the periodicity of get) we have

71'2
Ig(t)1 ::s:: 1112 11 h" II, for t ETa. (4.5)

For the second summand on the right-hand side of (4.4) we have, for
S ::s:: I t I ::s:: 271'jm - 0,

I
h(xo + t) + h(xo - t) - 2h(xo) I~ 411 h II

sin2mtj2 '" sin2mS/2 '

so that, using again the periodicity of h,

1
1 f I 4 II h II f"- get) dA(t)::S:: . 2 oj2 I dA I = Ca [I h II.
71' [-".,,]-Sa 71'Sln m _"

-(4.6)
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Using (4.5) and (4.6) in (4.4), we have

4cx2 I h"(xo)j ~ 'IT: II h" II (.If dA(t») + C~ II h II + M.
7Tm m 7T T~

Taking into account (4.3), we obtain

m27T
II h" II ~~ (C~ II h II + M).

425

(4.7)

Now, let f be in S(Ln) with Ilf - Lif)11 ~ M(1 - p:;:l) n = 1,2,....
If p is a positive integer and Kit) is the corresponding Jackson kernel the
functionf * K'II is a trigonometric polynomial of period 27T(m. Also

Ilf* Kp - Lif* K'II)II = 11(f - f* dJLn) * Kp II ~ Ilf - f* dJLn II r IK'Il1
-1T

::::;; M(1 - p<;:'l), n,p = 1,2,....

Therefore, from (4.7) we obtain

where C is a constant independent of p.
Thus, for t > 0,

I f(x + 1) +f(~ - t) - 2f(x) I

= lim I (f* K'II)(x + t) + (f* K'II)(x - 1) - 2(f* K'II)(x) I ~ C.
'II->oo t 2

This shows that 1" is in L oo and, thus, l' E Lip I; the theorem is proved.

5. SATURATION OF OPTIMAL AND QUASI-OPTIMAL SEQUENCES

The following two theorems determine the saturation classes of optimal
and quasi-optimal sequences.

THEOREM 5.1. If (Ln) is optimal then it is saturated with order (n-2) and
S(Ln ) = {f: l' E Lip I}.
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THEOREM 5.2. If (Ln) is quasi-optimal then it is saturated with order
(n-2). Ifm is the smallest positive integer satisfying (3.1) then

S(Ln) = {f: l' E Lip 1 andf has period 27T/m}.

Proof Clearly, Theorem 5.2 contains as a special case Theorem 5.1,
namely, when m = 1. We shall use the following lemma which is contained
implicitly in Curtis [7].

LEMMA. There is a constant Co> 0 such that for any integers nand k,
n ): k ): 1, we have

I" . 2 kt k 2

sm -2 Tit) dt ): Co 2- ,
_" n

(5.1)

whenever Tn is a non-negative trigonometric polynomial ofdegree ~ n with

Proofofthe Lemma. It follows from Curtiss [7] that for k ): 1, m = 1, 2, .. "

Ekm(1 sin kx I) ): ~m '

where Elf) is the error in approximatingfby trigonometric polynomials of
degree ~ j, in the supremum norm. Given n ): k, choose m so that

km ~ n < k(m + 1).

Then

Eil sin kx I) ): Ek (m+1)(1 sin kx I) ): 47T(m
1+ 1)

m k m k
m + 1 47Tkm ): m + 1 47Tn'

Since m ): 1, (m/m + 1) ): t, so that

En(1 sin kx I) ): -Sk .
7Tn

(5.2)

Now S:'" I sin kt 1 Tn{t - x) dt is a trigonometric polynomial of degree
~ n, so that

max l.l ITT (I sin kx I - I sin kt I) Tit - x) dt I): -sk . (5.3)
=~~ 7T _ ~
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However,

II sin kt I - I sin kx II

:s;; I sin kt - sin kx I = 21 cos ~ (t + X)\ \sin k

---- 21' k(t - x) I
~ sm 2 '

and so

(t - x)
2
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max 11- f1r I sin kt I - I sin kx I Tn(t - x) dt I :s;; ~ J1r \ sin k2~ ITit) dt."'€[1r.-1r] 7T -1r 7T -1r

Using (5.3), we have

(5.4)

Finally, using the Cauchy-Schwarz inequality for linear positive functionals,
we have

J
1r I kt I (J1r )1/2 (J1r kt )1/2-1r sin T Tit) dt:S;; -1r Tit) dt -1r sin2 T Tit) dt ,

which, together with (5.4), gives (5.1), with Co = 16-27T-1 ; the proof of the
Lemma is complete.

Now suppose (Ln) is quasi-optimal: Ln(f) = f * Tn. Let fo be a non­
constant function for which

lifo - LnUo)II = 0 (~2)'

There is an integer m * 0 such that/oem) * O. For this m,

and, thus,

By virtue of (5.1),

ffiii 1 - 2!n(k) > 0,
1 - 2Tn(m)

k = ±1, ±2,...,

which, by Theorem 3.1, shows that (Ln ) is saturated with order (n-2).



428 DEVORE

If m is the smallest integer for which (3.1) is satisfied, we know from
Theorem 3.1 that any function in S(Ln) has period 27T/m. We now choose a
sequence

which converges weak *; say, to dA. Because of Theorem 4.3, we need only
show that dA has an atom at one of the zeros of sin2 mt/2 or, equivalently,
that there is a constant ex > 0 such that

lj~Js. dA(t) ~ ex, (5.5)

where S. = Uk (Xk - €, X k + €), the Xk'S being the zeros of sin2 mt/2.
We now proceed to show that (5.5) holds for ex = lCom2, with Co the con­

stant in (5.1). Let 0 < € < 7T/m and let gn(x) = 0 on S, , gnCx) = n2Tn(x) on
[-7T,7T] - S" n = 1,2,.... Then, for some constant C1 and for n = 1,2,... ,

J" gn (t) dt < . 2 1 /2 J" sin2 m
2

t nlTn(t) dt < C1 •_. ~n m€ _ '

Therefore, there is a subsequence of (nj) (which for simplicity of notation
we denote also by (nj) and a measure dv such that (gn.) converges weak * to

•dv. In particular,

Choose ko to be an integer so large that

Then, for j sufficiently large. we have, from (5.1), that

J sin2 ( ko;t ) Tn/t) dt
s,

J" . 2 ( komt) ( ) d 1 J" . 2 ( komt) ( ) d;:;::: _" sm -2- Tn; t t - nl _" sm -2- gn; t t

(5.3)
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Finally, sin2 (komtj2) :s;; k0
2 sin2 (mtj2) and, thus, from (5.3),
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for j sufficiently large.
If we now take any function Fin C*[-Tr, Tr], of norm one, which is one on

S< and zero outside S2< , we find

Since this estimate is independent of E, the theorem is proved.
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