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INTRODUCTION

C*[—m, 7] denotes the space of 2m-periodic continuous functions with
the usual supremum norm || - |. Let (L,)._, be a sequence of linear operators
on C*[—m, 7], given by the convolution formula

L) == [ G+ 1) dualt) = £ 5 da, (1)

where du,, is an even Borel measure on [—, 7], with

1 T
'w‘f_,, dua(t) = 1, n=1,2,.

The sequence (L,,) is said to be saturated if there is a sequence of positive
numbers, ($(n)), converging to 0 such that

If — Lol = o($(m)) if and only (1.2)

if fis a constant, and
there is a non-constant function f, such that

1o — Lalfo)l = O($(m). (1.3)

The sequence (¢(n)) is called the saturation order of (L,). Define the satura-
tion class S(L,) to be the set of all functions fin C*[—r, ] such that

If = La( )l = O($(n)). 1.4

An excellent source for references on saturation theorems is the paper of
Butzer and Gorlich [10] or the book [11]. We quote here the following well-
known theorem of Sunouchi-Watari [1].

410
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For fe C*[—mn, 7] we let

F) = z‘l;f FRf() dt k=0, 41, +2,..

-

and

T . 1 T
i = % | " et dt = | | cosktdu(t) k=0, %1, 2.

The Sunouchi-Watari Theorem can then be stated as

THEOREM A. Suppose 0 < ¢(n) — 0 and

1=l
e = M =g (1.5)

exists and is different from 0, co, —o0, for k = {1, +2,.... Then (L,) is
saturated with order (¢(n)) and if f is in S(L,) then

f: b flk) e isin L, . (1.6)

Also, if, forn =1, 2,..., (1 — p™) /. d(n))s_., are multipliers from L, to L, ,
uniform in n, then (1.6) is sufficient for f to be in S(L,).

In this paper we shall impose the additional hypothesis that the measures
du,, be positive. This hypothesis is indeed a strong one, in light of the many
striking results for positive operators due to Korovkin [6] and others.
However, it is also a very natural and important condition since many of the
classical linear methods of approximation are of this type.

For sequences of positive convolution operators, it is not difficult to
characterize precisely when they are saturated. This is done in Section 3. The
characterization of the class S(L,) is much more difficult. A result in this
direction is the following theorem of Tureckii [2] which we shall discuss
further later.

THEOREM B. Suppose (L,) is a sequence of positive convolution operators
and

Then (L,) is saturated with order (1 — p'™) and S(L,) = {f: f" € Lip 1}.
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In Section 4 we develop some new techniques which are useful in charac-
terizing the saturation class S(L,) for certain sequences of positive convolu-
tion operators. Our main application of these techniques is to optimal and
quasi-optimal sequences of trigonometric operators to be defined below.

The sequence (Ln)c::1 is said to be a sequence of trigonometric operators
if for each fe C*[—m, 7], L,(f) is a trigonometric polynomial of degree
<n,n=12,.. In case of convolution operators, this is equivalent to
having du,(t) = T,(¢) dt, where T, is a non-negative even trigonometric
polynomial of degree <{ n. The Fejér [3], Jackson [4] and Korovkin [5]
operators are the best known operators of this type.

It was first noted by Korovkin [6] that positive trigonometric operators
are limited in their efficiency of approximation. Korovkin showed that if
(L,) is a sequence of positive trigonometric operators, then for g one of the
three functions 1, cos x, sin x,

I8~ L@ # o (55)- (17)

In the case of positive trigonometric convolution operators, this is equivalent
to

[ i sin2§t T(t)dt % o (%) (1.8)

We shall say that (L,) is an optimal sequence if
" sinzl _ oL
f_" sin® 5 (1) dt = 0( nz)' (1.9)

If we ask which sequences of positive trigonometric convolution operators
(L,) give the Jackson estimate

C .1
I = Ll <~ (F7) (1.10)
for all functions f with f’ € C*[—m, 7], the answer is: exactly the optimal
sequences (see Theorem 2.1). Thus, for example, the Jackson and Korovkin
operators are optimal whereas the Fejér operators are not. Curtis [7] has
shown that if (L,) is a sequence of positive trigonometric convolution
operators then

1/ = Ll = o () (L11)

if and only if fis a constant. This can be considered as a strengthening of



SATURATION OF CONVOLUTION OPERATORS 413

Korovkin’s Theorem (1.7). In Section 2, it is shown that if (L,) is an optimal
sequence then for each fsuch that f' e Lip 1,

1= L <0 =12

Thus, there are always nonconstant functions f which are approximated by
the sequence (L,( f)) with order O(n~?%). This, together with (1.11) shows that
optimal sequences are always saturated with order n2,

At the recent Symposium on the Constructive Theory of Functions held
in Budapest, the author has conjectured that the saturation class S(L,) of
every optimal sequence is {f: f e Lip 1}. This is already known for the
Jackson and Korovkin operators by virtue of Theorem B. Our main result
is a proof of this conjecture (Theorem 5.1).

At the same conference, Gorlich [9] suggested considering sequences L,
for which there exists a nonconstant function f; such that

o = LAl = 0 (5 )-

We shall call such sequences quasi-optimal. That quasi-optimal sequences
are also saturated with order n~2 follows from (1.11). Goérlich has asked
whether quasi-optimal sequences also have as a saturation class{f: f' € Lip 1}.
It is easy to construct an example of a sequence (L,) which is quasi-optimal
but not optimal. For example, if K, (¢) is the Jackson kernel (see Section 3)
then the trigonometric polynomials

Tot) = 2 (Ka®) + 5 (Kt + ) + Kot — )

generate by convolution a sequence (L, *) of operators which is quasi-optimal
but not optimal. It is not optimal since there is a constant C > 0 such that

|7 sint 1,0y d 2%, n=1,2... (1.12)

-7

That it is quasi-optimal follows from Corollary 2.1 and the fact that there
exists a constant C’ > 0 such that

[7 sinteT ey dr < % n=1,2,.. (1.13)

-7

The inequalities (1.12) and (1.13) can be used to show that if

|f — L,*(f)ll = O(mn=?), then f has period .
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The saturation class of (L,*) is {f': f' € Lip 1 and f has period =}

This is a special case of the general result we obtain for quasi-optimal
sequences. In Section 5 we show that if (L,) is quasi-optimal, then there is an
integer m such that

" gin2 — oL
f_ﬂ sin® 225 T (1) dt = o( — ) (1.13)
When m = 1, we have an optimal sequence. If m, is the smallest positive
integer such that (1.13) holds, then, as we show, the saturation class is

{f: f eLip 1, fhas period (27/m,)}.

2. A PRELIMINARY INEQUALITY

There are inequalities which estimate the rate of convergence of a sequence
(L.(f)) to f, for continuous functions f, in terms of the rate of convergence
of (L.(g)) to g, for the three functions g : 1, cos x and sin x. The most general
of these estimates is the inequality of Shisha and Mond [8]. We shall need
an extension of this inequality which estimates || f — L,( f)| for functions
having period 27/m, in terms of the behavior of || g — L,(g)|| for the func-
tions g : 1, cos mx, sin mx. We shall use this extension only for convolution
operators; However, we shall prove it for the general case of arbitrary linear
positive operators.

THEOREM 2.1. Let m be a positive integer and (L,) a sequence of linear
positive operators. If 0 < A, — O satisfies

Sor the three functions g : 1, cos mx and sin mx, then for each continuous f
with period 2mr|m we have

1f = La( O < CA + | /DA, + o(f, An)). (2.2)

If, in addition, f is everywhere continuously differtiable, then
If = Lol O < CA A+ 1 DAE + Ageo(f7, Ar)) (2.3)

where C is a constant independent of f and n, and w denotes the modulus of
continuity.

Proof. The proofs of (2.2) and (2.3) are similar and we shall only prove
2.3).
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Writing sin m(x — x,) and sin® (im(x — x,)/2) in terms of sin mx and cos
mx, one can easily deduce from (2.1) that

| La(sin m(t — x), x)| = O3, (2.4)

| Lo (sin® m (575, x)| = 0. 2.5)
Note. Equations (2.4) means that L, is applied to sin m(t — x) as a
function of ¢ (with x fixed). The result is evaluated at x, and finally, we take
the norm of the resulting function of x. Such a convention is used throughout.
Let f be continuously differentiable and of period 2#/m. In what follows,
C will always denote some constant independent of f and n. We shall
first show that

“L f()

—fx) -

=— sin m(t — x)|, x)H

S O A+ 1 DAG? + Aw(f', AW)). 2.6)

Indeed, if x € [—, ] then

|70~ 1) — LD sin e — )

=0 =19 — £ — )+ 1) [0 — 2 — SR
Slt—x]olf[t—=xD+CIf - 1t—x[2
If|t—x| <wfmthen |t — x| < w/m sin m(| t — x|/2). Using elemen-
tary properties of «, we have
[£0) = 709 = L2 sin e — )
< C[sinm“—;x—{w(f’, sinmLt——_z—zc—l—) + 1 sin3[t—Tx£]. 2.7

Now,

[£— x|

w(f’,sinm——~——2—~) = w(f,; smm%)

|t

(1 L7 lsmm————) (", A,)-
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thus, replacing sin® m(] ¢ — x |/2) by the larger number sin® m(] ¢ — x |/2) in
(2.7), we have

70 = 169 = L sin mz — )
<CA+1f10 [sinzmg—z—x)qtsinzm lt3x| “’(J;';)‘n)
+sinm X Lo 1), @38)

Since the functions in (2.8) have period 27/m, this estimate holds for all z and
x. Applying L, to (2.8), we have
I ( )

smmlt—x()

L (1£) — £ —
<O+ £ DA + oA (A + | 2a (sinm LSEL S 29)

The Cauchy-Schwarz inequality for L, gives
[t — x| 1/2

2 (t_2X) %)

< Chg,s

x)| <z

H L, (sin m L, (sin2 m

which, when substituted into (2.9), gives (2.6).
Finally, to obtain (2.3), we write

f(x) - Ln(f(t)’ x)
=f() = Lo(f(®), %) + Lo (£(1) — f) —
£1x)
m

f()

sin m(t — Xx), x)

L,(sin m(t — x), x).

+

Thus, from (2.6),

1f = LA < 1FG) = La(f, 9 + O+ 1f D + o(f A)
Ay
m

'n(Sin m(t - X), x)”

Estimating the first and last terms of the right hand side by (2.1) and (2.4),
gives the desired result (2.3) and the theorem is proved.

Theorem 2.1 can be stated in the following form which is more convenient
for later applications.
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COROLARRY 2.1. If L,(f) = f*du,, where du, is a non-negative even
Borel measure on [—m, 7} such that

% [ duany =1 (2.10)
and

| " sinzﬁzz—d,un(t) =002 (n— o), @.11)

then for each f of period 2m|m we have

If — LIl < CUA + [[f DA + w(f,A2)), n=1,2,... (212)
when f is continuous, and
=L NI < CA + L1+ DR+ Ano(f5 A0)), 1= 1,2,.., (2.13)

when f is continuously differentiable.

Proof. Since du, is even, we have
f" sinmt dun(t) =0, n=1,2,... (2.15)

Integrating the identity
sin mt — sin mx = sin m(t — x) cos mx — (1 — cos m(t — x)) sin mx,

we obtain

{ % | _ (sin mt — sin mx) dp(t — x)l < % [ _ sin? 20 dua(t) < CA,

n=1,2,..,
ie.,

[ sin mx — L,(sin mt, x)|| << CA2, n=12...
In a similar manner, we obtain
[ cos mx — L,(cos mt, x)|| < CA2, n=12,..,

and, thus the hypotheses of Theorem 2.1 are verified.
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3. SATURATION OF PoSITIVE CONVOLUTION OPERATORS
In the remainder of the paper, we shall assume L, has the form
L(f)=F*dps,

where du, is an even non-negative Borel measure on [—m, 7] with
Va |7, du, = 1.

The following theorem determines when (L,) is saturated and, when it is,
its saturation order.

THEOREM 3.1. The sequence (L,) is saturated if and only if there is a
positive integer m such that

=2 C, >0, k=12,.., 3.1

where C,, may be infinity. When (L,) is saturated, the saturation is (1 — p{®
where m is any integer satisfying (3.1)

Proof. We first suppose that (3.1) holds. If fe C*[—, 7] and

If = La( NIl = o(1 — pya? (n— )
then

[" Gl = (f + dunlxD e dx = ol = pi2) k= %1, £2,...

ie.,
1_ (n)
j(k)_%___%&_%ﬁ =o(l), k=41, +2,..
Therefore

Ckf(k) == 0: k= :I:l9 :I:Z;-"9

and, thus, f(k) = 0,k = 41, +2,... so that f is a constant. Also, for each
f of period 2=/m such that f' € Lip 1, Corollary 2.1 gives

If = La( Ol = 0 — pp2?).
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To prove the converse, suppose that (L,) is saturated with order (A,). Assume
first, that for each k = +1, 42,...,

fim -1—‘)‘8&— — . (.2)
Then, if fe C*[—m, 7] and
If — LA Nl = O@y), (3.3)
we have
f‘(k)(l———)\f& =0(), k=+1,+2,.,

n

which, in view of (3.2), implies f(k) = 0,k = +1, 42,..., i.., fis a constant.
Thus, there are no non-constant functions satisfying (3.3), contradicting
our hypothesis that (L,) is saturated with order (A,). Thus, there must exist
an integer m such that

W)
P < oo
n
Suppose there is an integer k, such that
1=
ng [ = 0.

Then from inequality (2.3) of Theorem 2.1 we have that for each function f
of period 2n/k, , with f' elip 1,

If = La( Ol = O —pi)) = o(1 —py  (n— o0),

a contradiction; the theorem is proved.

It is easy to give examples of operators L, for which (L,) is not saturated.
We give now such an example where L, is of the particularly simple form
L(f)=f=«T,, with T, a non-negative even trigonometric polynomial
of degree 2n — 2. This example is particularly interesting in view of a theorem
of Curtis [7] stating that for any sequence of trigonometric convolution
operators (L,), || f— L.(f)ll = o(rn~?) if and only if f is constant. This
theorem suggests that perhaps all such sequences are saturated.
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Let K, denote the Jackson kernel

sin nt/2 )4’

K1) = C”( sin #/2

with C, chosen so that
1 [ Kya=1
T J . " :
We shall need the following well-known properties of K,(¢) (see [3]):

1 7 . mt 3 m?
- j st TR K@ dt = 5 o) m=1,2,.). (4

If feC*—mx] then |fx*K,—fl—o. (3.5)

THEOREM 3.2. Forn = 1, 2,..., let

& 1 I
An(t) =4, (Kn(t) _'_ Z nz_llk : k2 [Kn(t—xk) + K(t —i_xk)])’
k=1
where
_ od 1 T
0"1:1—"—2];::1]6—2”1-_3% and xk:—Zk—, k=1,2,....

Then the sequence (L,), given by
L(f)=f*4x,

is not saturated.

Proof. Let k be any integer, k = 2™ with j not divisible by 2, then
1 — 2 A,02k) = 1 — 2A,2r+)) = 2 f sin(2jt) A,(1) dt.
But for any m and j,

| " sin(2mif) A7) dt

i 14

. I T
- f _sin®Qnje) Ko(r) dr + 2 ,;lk_znz‘—”’“ f _sint(2m) Kot — x,) di

since, for each n, the series converges uniformly in ¢.
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By virtue of (3.4) and the fact that sin? ™[t — x;]) = sin® 2™¢) for k < m,

. moo
} | St di 2 Y e | " sin®@r) Kt — %) dt’

<35 2 X ) o () = @ ()
Also,

1

oo
Y
T &

fi sin?(2™jt) K, (t — x;) dt i

«©
< z k—2n/kr-2 — o(n(m+1)—1—2)_
k=m+2

However, by virtue of (3.5),
lim | " Sin2(2mit) Ko(t — Xomag) dt = sin? 2+ = 1.

Thus,
w1 —24,Qm) =2+ o(l),  m=1,2,.,
therefore ~ i
1 — 24,2k) = 0(1 — 24,(k))

and, therefore, by Theorem 3.1, (L,) is not saturated.

4. SATURATION CLASSES OF SEQUENCES OF POSITIVE CONVOLUTION OPERATORS

In this section, we wish to examine the saturation class S(L,) of the se-
quence (L,). The theorem of Sunouchi-Watari (Theorem A) applies to
general convolution operators and hence, to (L,). Our first objective is to
extend this theorem, for positive operators, to the case where the m-th
Fourier coefficients determine the saturation order. We first wish to show
that when the m-th coefficients determine the saturation order, every function
in S(L,) has period 27/m.

LemMMA 4.1. Let (L,) be saturated and let m denote the smallest positive
integer such that (3.1) is satisfied. If f is in S(L,)) then it has period 2m|m.

Proof. Foreach 0 <k <m, lim,,, (1 — p{”/1 — p'™) = co. Similarly,

640/3/4-6
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suppose k is an integer > m but not divisible by m, say, k = Im + j,
0 <j<<m,1 = 1. Then for some positive constant C,

., mMX o (Im + j)x . o JX
C(sm 3 - sin > )>sm )

since every zero of the left hand side is a zero of the right hand side with the
same multiplicity. Thus,

cf _ sint 225 () + C [ sint UM £ 1) m i D% () > [ sint 2 o),
ie.,
C+ 1 — p(;:) = l—P(}é’
and, therefore,
1= (n)
Iim -1—“%‘)— == +®.

Now, if fe S(L,) then
f—f*dp, = 001 —p,?
so that
f')(1 — o™y = 01 —pi™), k= £1, £2,....

If £ = O (mod m) we must have f(k) = 0 which establishes the Lemma.
We state now our generalization of the Sunouchi-Watari Theorem.

THEOREM 4.1,  If (L,) is saturated with order (1 — p{™), where m is the
least positive integer satisfying (3.1) and if

1— jm
;= lim - Pm exists and is finite for j= +1,42,..., (4.1)

then if fis in S(L,), only if it has period 2m[m and
* 3% & f(jm) eiim® is the Fourier series of a function in L., . If, in addition
to(4.1), forn=1,2,..,

( 1 —pm )"
1 - P(J:) J=—co0

are multipliers from Ly, to L., , uniform in n, then (¥*) is also sufficient for f to
be in S(L,).
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The proof of this theorem is the same as that of Theorem A and will be
ommitted.
The theorem analogous to Theorem B is the following

THEOREM 4.2. If (L,) is saturated with order (1 — p{), where m is the
least positive integer satisfying (3.1) and if

lim 1— pﬁf,z

n-w© 1 — p(n)
m

= j= 4l 42, 4.2)

then S(L,) = {f: f’ €Lip 1, f has period 27/m}.
Again, the proof is the same as that of Theorem B and will be ommitted.
Although Theorems A and B have wide application to classical methods
of approximation and, in particular, are applicable to the operators of
Fejér, Jackson and Korovkin, they cannot be applied to the general case of
optimal or quasi-optimal sequences since condition (4.1) need not be satis-
fied. Therefore, we wish now to take a different approach to the problem of
determining S(L,,) which will handle the cases of optimal and ‘“‘quasi-optimal
timal sequences.”
The class S(L,) is precisely the class of 27/m-periodic functions for which

Hif _ [ AR (Ll ] (1 — pimyt sin2_n21_tdp”(t)|1 = o(l).

| sin? mt/2

Let d\,(t) = (1 — p{™)1 (sin® mt/2) div,(¢). Since
L =, n=12.,

{dA.}n_, is contained in a compact subset of the dual of C*[—, =], in the
weak* topology. Therefore, a subsequence (dA,,) converges weak * to some
measure dA. If such a dA is adp, , where dp, is the Dirac measure at zero, then
it is easy to see that S(L,) = {f: f” € Lip 1, f'has period 2=/m}. The following
theorem strengthens this result by requiring only that dA has an atom at one
of the zeros of sin? m¢/2.

THEOREM 4.3.  If d) is a weak * limit of some subsequence (dA,, ) and d) has
an atom at one of the zeros of sin? mt[2 then S(L,) = {f: f' € Lip 1, f has
period 2m|m}.

Proof. Let x;, (k = 1, 2,...) be the distinct zeros of sin? mt/2 in [—m, 7]
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and, for every € >0, let S. = Up (X — € Xz + €), T. = S\{x;, %5 ,...}
Let « = lim,,, [s dX(#) > 0 and choose 0 < § < m/m such that

772

. f D0 <o 4.3)
If 4 is a twice continuously differentiable function of period 2s/m, then for
Xoe[—, w], the function

h(xg + 1)+ A(xg — 1) — 2h(xy)
- sin2 mt/2

g(?)

is continuous on [—m,w] and its value at x,(k = 1, 2,...) is 4m~2A"(x,).
Suppose || A — L(hB)|| < M(1 — p!™), n = 1,2,.... Then

L ] _ g drt)| = lim | L f_ g0 (0] < M,

M being a constant. Therefore,

4o
m?

We < |5 [ s0d@|+ |1 0|+ @

—7,7]—S8§

We estimate the first summand on the right hand side of (4.4) as follows.
For | t]| < 8 < m/m, sin® mt[2 = m?t*/#? and, thus,

’ h(xo 4 1) + h(xo — ) — 2h(xo)

sin? mt/2
7% | h(xo + ) + h(xy — 1) — 2h(xy)
S m 12 ‘
By the periodicity of g(¢) we have
2 ”
el <z IA"l, for teT,. 4.5)

For the second summand on the right-hand side of (4.4) we have, for
d < |t € 2nfm — 8,

I h(xo + ) + h(xy — 1) — 2h(x,)
sin? mi/2

4| A
= sin2 m§)2 ’

so that, using again the periodicity of 4,

Bl g0 < —_ " ) = ¢ lhl @)

[—m,71—S5 mwsin? m8/2 J_,
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Using (4.5) and (4.6) in (4.4), we have

h" dX Csll h M.
(ol < T (= =), BO)+ Gl +
Taking into account (4.3), we obtain
207
151 < 55 (Call bl + D). @7)

Now, let f be in S(L,) with ||f — L) <M1 —p)n =1,2,.
If p is a positive integer and K(¢) is the corresponding Jackson kernel the
function f x K}, is a trigonometric polynomial of period 2m/m. Also

1 Ky = Lo % Kl = f = f * d) 5 Ky | <If = Fednll | (K
<M1 —p™),  nmp=12,..

Therefore, from (4.7) we obtain

% K < 2 (Coll f Kyl 4 M) < €

where C is a constant independent of p.
Thus, for t > 0,

‘ fx++fx—1)—2()
t2

(f* K)x + ) + (fx K)(x — 1) — 2(f * K,)(x)

= lim 2

P->®©

This shows that f” is in L, and, thus, f’ € Lip 1; the theorem is proved.

5. SATURATION OF OPTIMAL AND QUASI-OPTIMAL SEQUENCES

The following two theorems determine the saturation classes of optimal
and quasi-optimal sequences.

THEOREM 5.1.  If (L,) is optimal then it is saturated with order (n~2%) and

S(Ly) ={f:f eLip1}.
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THEOREM 5.2. If (L,) is quasi-optimal then it is saturated with order
(n~%). If m is the smallest positive integer satisfying (3.1) then

S(Ln) = {f: f' e Lip 1 and f has period 2z [m}.

Proof. Clearly, Theorem 5.2 contains as a special case Theorem 5.1,
namely, when m = 1. We shall use the following lemma which is contained
implicitly in Curtis [7].

LEMMA. There is a constant C, > O such that for any integers n and k,
n>=k =1, we have

L 2
| " sin? % () dt = C, —’:72—, (5.1)
whenever T, is a non-negative trigonometric polynomial of degree < n with
L [ Twar=1
™ —r " :

Proof of the Lemma. It follows from Curtiss [7] thatfork > 1,m=1,2,..,,

1

E(lsinkx|) = e

where E,( f) is the error in approximating f by trigonometric polynomials of
degree < j, in the supremum norm. Given n 2> k, choose m so that

km < n <k(m+1).
Then
>
4m(m + 1)

. m k < m k
T m+1 4wkm T m-+1 4mn’

E,(| sinkx [) = Egmsn( sinkx [) =

Since m > 1, (m/m + 1) = 1, so that

. k
En([ sin kx |) = m . (52)

Now j'f,, | sin kr | T,(t — x) dt is a trigonometric polynomial of degree
< n, so that

f (I sin kx | — | sin kt |) To(t — %) dt gk— (5.3)

ze[w, -—-n]
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However,
|| sinkt| — | sinkx ||
<|sinkt—sinkxl-—:Zlcosg(t—i—x)Hsink-(t—?c—)—‘
. k(t — x)

<2\sm——2———l,
and so

| S . 2" ) . kt
mggra}i(ﬂ]-Tr—fw]smktl—lsmkxlTn(t——x)dt,<;J_nlsm—2— T.(t)dt.

Using (5.3), we have

wk
167n °

fﬂ sin —’;t—

-

Tu(t)dt > 6.4
Finally, using the Cauchy-Schwarz inequality for linear positive functionals,
we have

which, together with (5.4), gives (5.1), with Cy = 16=%71; the proof of the
Lemma is complete.

Now suppose (L,) is quasi-optimal: L,(f)=fx*T,. Let f, be a non-
constant function for which

1/2
2

sin 52’— ) T dt < (| _ (1) dt)l/z (J _ sin? % A1) di)

1o — LAl = 0 ().

There is an integer m % 0 such that fy(m) # 0. For this m,

ot = 2Ty = 0 (=)
and, thus,

A 1
1 — 2T(m) = O (‘nT)
By virtue of (5.1),
i L= 27,k

~ > 0, k= -1, 42,...,
1 —27T,.(m) +h =

which, by Theorem 3.1, shows that (L,) is saturated with order (n~2).
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If m is the smallest integer for which (3.1) is satisfied, we know from

Theorem 3.1 that any function in S(Z,) has period 27/m. We now choose a
sequence

d\, (1) = n;? sin? -"%5 T, (1)

which converges weak *; say, to dA. Because of Theorem 4.3, we need only
show that dA has an atom at one of the zeros of sin? m¢/2 or, equivalently,
that there is a constant « > 0 such that

lim f . AXt) > «, (5.5)

where S, = Ui (xx — €, X + €), the x;’s being the zeros of sin? mt/2.

We now proceed to show that (5.5) holds for « = 3Cym?, with C, the con-
stant in (5.1). Let 0 << € < w/m and let g,(x) = O on S, , g,(x) = #2Tn(x) on
[—7, 7] — S, n = 1,2,.... Then, for some constant C, and for n = 1,2,...,

" 1 T amt
f_" g,,j(t) dt < m—f_" s ‘—2—1’!,' Tnj(t) dt < C1 .

Therefore, there is a subsequence of (r;) (which for simplicity of notation
we denote also by (n;) and a measure dv such that (g, ) converges weak * to
dv. In particular,

Lo, kt = .kt m
lim . sin? ——i—g,,,_(t) dt = f_,, sin? -5 av(t) < f_,, | dv|.

Jo©

Choose k, to be an integer so large that
” 1
| rdvi < g Gk
Then, for j sufficiently large, we have, from (5.1), that

|  sin? (i"z’f‘—) T, () dt

= fﬂ sin2( k(,;nt ) T, (t)dt — ;}5 Jm sin2( k(;nt )g,,’.(t) dr
2 -1

-

Coko®m? 1 f” ldv | > 1Coky2m?
=

SR I > )y (5-3)
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Finally, sin? (kgnt/2) < k¢? sin? (mt/2) and, thus, from (5.3),

f D, (1) > L cgm?
Se ’ 2

for j sufficiently large.

S

If we now take any function F in C*[—r, 7], of norm one, which is one on
and zero outside S, , we find

[ @@ =tim [ Foydh @ =Tm [ dnm > L.
Sze j- — E jooz Se 7 2

Since this estimate is independent of e, the theorem is proved.

10.

11.
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